Abstract: Vector beams with phase modulation in a high numerical aperture system are able to break through the diffraction limit. However, the implementation of such a device requires a combination of several discrete bulky optical elements, increasing its complexity and possibility of the optical loss. Dielectric metalens, an ultrathin and planar nanostructure, has a potential to replace bulky optical elements, but its optimization with full-wave simulations is time-consuming. In this paper, an accurate and efficient theoretical model of planar metalens is developed. Based on this model, a twofold optimization scheme is proposed for optimizing the phase profile of metalenses so as to achieve subdiffraction focusing with high focusing efficiency. Then, a metalens that enables to simultaneously generate radially polarized beam (RPB) and modulate its phase under the incidence of x-polarized light with the wavelength of 532 nm is designed. Full-wave simulations show that the designed metalens of NA = 0.95 can achieve subdiffraction focusing (FWHM = 0.429λ) with high transmission efficiency (77.6%) and focusing efficiency (17.2%). Additionally, superoscillation phenomenon is found, leading to a compromise between the subdiffraction spot and high efficiency. The proposed method may provide an accurate and efficient way to achieve sub-wavelength imaging with the expected performances, which shows a potential application in super-resolution imaging.
Introduction
A sharp focus is crucial for plenty of optical devices, for instance, optical microscopy [1] , lithography [2] , optical trapping [3] , and laser processing equipment [4] . To focus light into a tighter spot, radially polarized beam (RPB) combined with high numerical aperture (NA) has shown great superiority [5] [6] [7] . A series of seminal papers have investigated its unique focusing properties through a single focusing lens with or without a pupil filter [8] [9] [10] [11] [12] [13] [14] [15] [16] . Compared to spatially uniform polarizations, such as linear and circular polarizations, RPB with an annular filter can be focused into a shaper spot thanks to the significant strong longitudinal electric field component [5, 6] . Subdiffraction focal spots have been also demonstrated by focusing RPB through binary phase pupil filters and a high-NA lens [13, 14] . However, the implementation of such devices requires a combination of several discrete optical elements, including polarization converter, pupil filter and optical lens [8] [9] [10] [11] [12] [13] [14] [15] [16] . These conventional optical components are generally bulky, have low efficiency and difficult to manufacture with high precision, hampering the miniaturization and integration of optical devices.
In recent years, dielectric metasurfaces have emerged as a proper candidate to replace bulky optical components due to their compact structure and low dissipation loss. By arranging regular dielectric nanoposts on a subwavelength scale, dielectric metasurfaces could accomplish manipulation of polarization and/or phase of the transmitted light. A large number of metasurface-based devices in both near-infrared and visible regimes have been presented, such as lenses [17] [18] [19] [20] [21] , beam deflection [22] [23] [24] , holograms [25] [26] [27] and special beam generation [28] [29] [30] [31] [32] [33] [34] [35] . Among these devices, focusing metasurfaces, i.e. metalenses, can possibly replace the bulky elements in optical systems to achieve a tight focal spot. Several high-NA metalenses with high resolution have been reported [17] [18] [19] [20] [21] . However, the resolutions of these metalenses are still diffraction-limited. Superoscillatory lens using circularly polarized beam has been demonstrated to break the diffraction limit [36] , but it suffers from high intensity of side lobes. Considering the unique properties of RPB, a single-layer metalens has been proposed to simultaneously generate RPB and focus it into a tight spot of 0.502λ [32] and the size of the focal spot is compressed down to 0.428λ in the near-infrared regime later [37] .
From the above-mentioned studies, it was found that metalenses are able to break diffraction limit. However, the efficiency of them still remains a universally concerned issue [38] [39] [40] . To achieve a tighter spot and higher focusing efficiency simultaneously or a balance between them, optimization method based on an accurate modelling of metalens is required. Full-wave simulation has shown very high precision, but it is really time-consuming. To reduce simulation time, some optimization approaches are based on the diffraction theory associated with bulky lenses whose curved surfaces are different from the planar structure of metalenses [17] [18] [19] [20] [21] 37] . Consequently, the optimized design based on these methods is not compatible with the metalens itself, resulting in a mismatch with the targeted optimization performance [37] . Therefore, there is an increasing need to develop a theoretical model of metalens from which the performance of metalenses could be predicted more accurately.
In this paper, a dielectric single-layer metalens with subdiffraction focusing is proposed. A theoretical model of metalens is developed and combined with binary particle swarm optimization (BPSO) algorithm to optimize the phase profile of metalenses. According to the optimized phase profile, a 20 μm diameter dielectric titanium dioxide metalens with NA = 0.95 at the wavelength of 532 nm is designed. The designed metalens can achieve subdiffraction focusing (FWHM = 0.429λ) with high focusing efficiency (17.2%). It is also shown that the theoretical results agree well with fullwave simulations, providing a fast design method of metalens without tedious numerical simulations. The impacts of the superoscillation phenomenon in the super resolution and focusing efficiency are also discussed. Such design method shows potential in achieving super-resolution imaging in an integrated and efficient way.
Structures to achieve polarization and phase control simultaneously
A schematic illustration of the designed dielectric singlelayer metalens is showed in Figure 1 . It integrates the functionalities of the traditional bulky optical elements ( Figure 1A ), including polarization converter, binary (A) The traditional focusing system, including three discrete optical elements, a polarization converter, a binary phase filter (BPF), and a high-NA lens. It can be implemented by a single-layer metalens in (B). The designed metalens, consisting of a hexagonal array of dielectric nanoposts, can achieve a subdiffraction spot of FWHM 0.429λ at a wavelength of 532 nm, which is reflected in the right inset.
phase filter (BPF) and high-NA lens into a lightweight and compact device. As seen from Figure 1B , a x-polarized beam at the wavelength of 532 nm can be focused to a subdiffraction spot through the designed metalens. The metalens composes of a hexagonal array of titanium dioxide rectangle nanoposts standing on the silicon dioxide substrate. The unit cell of the periodic array in Figure 2A is characterized by lattice constant a, width, length and height of the nanoposts, W, L, H, and rotational angle θ. For fixed height of nanoposts, H, the rotational angle θ accounts for polarization change as shown in Figure 2B while a combination of width, W, and length, L, of a nanopost for the phase delay of transmitted light.
To show the capability of complete polarization and phase control, rigorous coupled-wave theory [41] is adopted to simulate the periodic array. As an example, a periodic array consisting of rectangle nanoposts with L = 255 nm, W = 117 nm, H = 900 nm, θ = 0 and a = 320 nm is simulated. Normalized magnetic intensity is shown in Figure 2C . The magnetic field is mainly confined in the nanoposts and each nanopost can be regarded as a weakly coupled low-quality-factor Fabry-Pérot resonator [30] . Therefore, the response of each nanopost is independent and the effect from neighboring nanoposts can be neglected. Figure 2D shows the phase distribution when the x-and y-polarized incident light transmit the nanopost, indicating a phase difference π for the two orthogonal x-and y-polarized incident light. As a result, each nanopost can be approximated as an independent half-wave plate, with a Jones matrix form: 
where φ y is the phase delay for the y-polarized light transmitting a nanopost when θ is equal to 0. For the x-polar-
, the transmitted light through a single nanopost satisfies
From Eq. (2), one can locally change the polarization of incident light and control the phase delay by using a large number of properly arranged nanoposts. But we should note that phase coverage of 2π for φ y is required for arbitrary phase control.
To achieve phase coverage of 2π for φ y as well as high transmission, we sweep the length and width of a nanopost with fixed height (H = 900 nm), rotation angle (θ = 0) and lattice constant (a = 320 nm). The transmission T y and phase delay φ y as functions of length and width are shown in Figure 3A and B, respectively. It is noted that high transmission (more than 90%) and full 2π phase coverage for φ y are possible when the length and width are chosen properly. Similar results for T x and φ x can also be obtained using the same approach. To determine the length and width of nanoposts that are able to achieve phase difference of π between φ x and φ y , phase difference as a function of length and width is plotted in Figure 3C . Eight kinds of nanoposts with different dimensions are selected as basic nanoposts for the metalens design, which are the markers as shown in Figure 3A -C. Using these eight nanoposts, full 2π phase coverage can be achieved with the interval of π/4. As seen from Figure 3D , eight kinds of nanoposts have high transmission (average transmission of 96.1% and 95.9% for T x and T y , respectively) and phase difference of ~π. With the selected nanoposts, we are able to achieve polarization and arbitrary phase control by rotating nanoposts and arranging eight kinds of nanoposts in a regular way. To generate RPB using the x-polarized light, the rotation angle of the nanoposts can be determined in the way as shown in Figure 2B . Further, the selected nanoposts should be arranged in such a way that the phase profile Φ allows the metalens to focus RPB into a subdiffraction spot.
Phase profile design of subdiffraction focusing metalens
In this paper, the phase profile Φ consists of two parts, including the focusing phase profile Φ focus and the filter phase profile Φ binary . Normally, the focusing phase profile is written as ( )
where λ = 532 nm is the working wavelength, f = 3.29 μm is the focal length, and = + 2 2 r x y is the radial distance with respect to the center of metalens. On the other hand, the binary phase profile Φ binary is determined by the optimization method. As we know, diffraction theory of bulky lens such as the formulas proposed by Richards et al. [42] has been adopted to optimize the binary phase filter [13] [14] [15] , but non-negligible deviations would appear when it was used for metalens design. Therefore, in this paper, we develop a metalens diffraction model based on vectorial diffraction theory, which offers a more accurate result for metalenses. The details of metalens diffraction model as well as how to acquire binary phase profile Φ binary based on this model are provided in the following section.
As shown in Figure 4A , RPB with Gaussian intensity distribution is focused by a single-layer metalens. Note that RPB can be generated by a metalens composed of nanostructures selected in Figure 3 . The generated RPB with high polarization purity (defined as the ratio of electric filed intensity of radial component and total electric field intensity) of 95% is shown in Figure 4B .
In the cylindrical coordinate, the electric field of the incident RPB can be written as
where E ix and E iy are the x and y component of incident RPB, respectively, t i (r) = 1 is the phase factor of RPB, a i (r) = exp(−r 2 /w 2 ) (w = 30 μm) is the amplitude distribution and ϕ ϕ = [cos sin ]
T i e denotes the polarization. When RPB transmits the metalens, the electric field at the plane immediately behind the metalens (red dash line shown in Figure 4A ) can be written as Ref. [43] . When the electric field immediately behind the metalens (z = 0) is known, the electric field distribution at any plane behind the metalens (z > 0) can be computed by the vectorial angular spectrum [44, 45] . After some derivations, the final theoretical formulas can be written as
where
t r a r J lr rdr r f l and q represent the frequency component in the radial and longitudinal direction, respectively. J 0 ( ·) and J 1 ( ·) denote zero-order and first-order Bessel function of the first kind, respectively. As seen from Eq. (6), there are only radial and longitudinal components with non-zero intensity. It is also noted that these two components can be rewritten as the first order and zero order Hankel transform, which can be calculated efficiently via fast Hankel transform algorithm [46] .
Using this model, the normalized intensity distribution of the focal spot is plotted in Figure 4C . The radial and longitudinal components are also normalized by the maximum of the total intensity distribution, as shown in Figure 4C (the second and third plot). The results from Richard-Wolf formulas and FDTD full-wave simulation are included. By contrast, the theoretical results computed by the proposed model show good agreement with full-wave simulation results, while the results computed by Richard-Wolf formulas deviate from the full-wave simulation results, especially for the radial component (the second plot). These findings indicate that the proposed model is more accurate and suitable for the metalens design compared to Richard-Wolf formulas.
Based on the proposed model, we assume the phase profile Φ binary to be a circularly symmetric and sectionalized function with binary value (0 and π). It can be written as 
where the value of r i (i = 1, 2, 3 …) is determined by the optimization process. The minimum of Δ i is set to be 400 nm. R is the radius of the metalens, which is 10 μm in this paper. Binary particle swarm optimization (BPSO) algorithm [47, 48] is adopted to optimize the value of Φ binary (r) in each section (r i < r < r i+1 ). To proceed the optimization efficiency, a two-step optimization process is performed in this paper. To acquire the sharper focal spot in the designated position, the merit function of the first step is defined as
Minimize FWHM Subject to:
where FWHM is the full width at half-maximum of the focal spot. I norm (z) denotes the normalized intensity along the optical axis for z 1 ≤ z ≤ z 2 . The constraint condition I norm (z = f) ≥ 0.95 ensures peak intensity is around the focus. The optimized binary phase profile Φ opt1 binary ( ) r in the first step can be considered as the initial value in the second step. The merit function of the second step is defined as where I(z = f) and I 0 (z = f) represent the intensity at the focus computed by theoretical formulas (Eq. (6)) with and without Φ binary (r), respectively. The constraint condition FWHM ≤ FWHM obj ensures the FWHM of focal spot smaller than the optimization object FWHM obj . After the two-step optimization, we can obtain the final phase profile Φ binary (r) with different FWHM obj . Using the optimized profiles with a series of decreasing targeted FWHM obj , corresponding metalenses are designed. The focal spot for different targeted FWHM is shown in Figure 5A and the corresponding binary phase profiles of these metalenses are shown in Figure 5D . As a comparison, full-wave simulation results are also provided, which shows similar images with theoretical results computed by Eq. (6). It is found that when we decrease the targeted FWHM, the energy in the focal region decreases. When the targeted FWHM is about 0.42λ, we obtain the best focal spot ( Figure 5A ).
If we continue to decrease the targeted FWHM in the optimization process, the constraint condition cannot be satisfied and when the constraint condition I norm (z = f) ≥ 0.95 is abandoned, the focal spot splits into two. In these cases, the position of intensity minimum around the designated focal position is defined as the actual focal position. The FWHM and the relative intensity (defined as the ratio of intensity at the focus with optimized binary phase and the intensity at the focus without binary phase) as functions of FWHM obj are plotted in Figure 5B and C. The theoretical results are in good agreement with simulation results.
Deviation of FWHM in simulation from that in theory ( Figure 5B ) is due to boundary shifting of the optimized binary phase caused by discrete sampling of hexagonal unit cells.
As shown in Figure 5B , the FWHM of focal spot can be controlled by changing FWHM obj in the optimization. However, with the decrease of FWHM obj , the sidelobes in the focal spot plane increase and even the sidelobes are higher than the main peak for FWHM obj = 0.30λ, which is reflected in Figure 5E . Such superoscillation phenomenon is consistent with the results illustrated in Refs. [49, 50] . On the other hand, with the decreasing of FWHM obj in Figure 5C , the relative intensity becomes much lower, indicating the low energy in the focal region. Consequently, a compromise between the FWHM and the efficiency should be considered when such metalens is applied in practical applications.
Performances of the subdiffraction focusing metalens
To evaluate the performance of subdiffraction focusing metalenses, four kinds of metalenses are compared under the incidence of x-polarized beam, as shown in Figure 6 . The first case ( Figure 6A ) is a metalens with the focusing phase only and a x-polarized beam is focused to an elliptic spot with a FWHM 0.468λ in the y-direction. This is due to the depolarization effect similar to the phenomenon that happens in high-NA bulky lens [42] . The second case ( Figure 6B ) is a metalens with polarization conversion and the focusing phase and thus that means a RPB is focused to a circular focal spot with FWHM 0.521λ. The third case is the second case with the extra optimized binary phase profile, which is just the case in the third column of Figure 5A . Compared to the second case, it achieves subdiffraction focusing with FWHM of 0.429λ, as shown in Figures 1B and 6C . The fourth case ( Figure 6D ) is the superoscillation case in the sixth column of Figure 5A , which has a FWHM 0.33λ with much higher sidelobes. From the above comparison, we conclude that the metalens we design ( Figure 6C ) can achieve subdiffraction focusing (FWHM = 0.429λ). Furthermore, the intensity at focus (Eq. (9)) is maximized in the optimization process and a high focusing efficiency value is expected. To characterize the focusing efficiency of the designed metalens, we define the focusing efficiency as the ratio of total electric field intensity in a circular aperture with three times the FWHM of focal spot to the total electric field intensity of incident light, which is commonly used in the metalens design [17, 20] . It is found that the focusing efficiency of the metalens ( Figure 6C ) is 17.2% compared to 9.5% for superoscillation case in Figure 6D . In addition, they have the close transmission efficiency (defined as the ratio of the power passing through the metalens and the power of incident light), which are 78.1% in Figure 6D and 77.6% in Figure 6C . It should be noted that the focusing efficiency (17.2%) is much higher than the results reported in Refs. [36, 51] , leading to a more promising application in superresolution imaging and precision machining.
Conclusion
In conclusion, we designed a single-layer metalens to replace bulky optical elements, where the dielectric nanoposts can simultaneously generate RPB and modulate its phase under the incidence of x-polarized light. The main contribution of this paper is as follow. First, a theoretical model of planar metalens is developed by virtue of vectorial diffraction theory using RPB. The simulations show that this model provides an efficient way to compute the focusing profile of metalens compared to numerical simulations of solving Maxwell's equation. It also provides an accurate evaluation of metalens focusing profile compared to the diffraction theory associated with bulky lens [37] . Second, a twofold optimization scheme based on the accurate metalens model is presented to optimize the binary phase profile to obtain a subdiffraction spot with high efficiency. Using the optimized binary profile, the designed metalens can achieve subdiffraction focusing (FWHM = 0.429λ) with high transmission efficiency (77.6%) and focusing efficiency (17.2%) when NA = 0.95 and working wavelength is 532 nm. On the other hand, there is a compromise between subdiffraction spot and high focusing efficiency. We may attain the extreme small spot at the expense of low focusing efficiency in the central spot, which corresponds to the superoscillation phenomenon [49] .
Compared to traditional bulky optical elements, the subdiffraction focusing metalens we design is miniature and lightweight, which avoids the alignment problem of traditional optical elements. It is expected that this subdiffraction focusing metalens can be integrated in superresolution imaging [7] , particle trapping [52] , second harmonic generation [53] and Raman spectroscopy [54] . It is possible to further compress the focal spot size by using higher numerical aperture and modulating the amplitude of incident light [14, 15] . What's more, it should be noted that the method used to design the subdiffraction focusing metalens in this paper can also be adopted to design similar metalens at other wavelengths and is able to design a larger metalens to achieve far-field subdiffraction focusing as well.
